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Abstract 

The example studies a forced response of plate with viscoelastic auxetic damper located at the free end of the 

plate. Damping elements consist of the cover layer and layer of viscoelastic material with positive or negative 

Poisson's ratio. Viscoelastic materials are often used for reduction of vibration (seismic or wind induced 
vibrations in building structures or other structures). The common feature is that the frequency of the forced 

vibrations is low. Calculations are made using finite element method with Comsol Multiphysics software. 
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1. Introduction 

One of the first mentions of materials with negative Poisson's ratio (NPR) can be found in 

1981 and 1982 [1-4]. Theoretical and experimental values of PR for rubber models showed 

that PR value can be negative [1]. Lora Jane Gibson [1] analyzed a model of cellular 

material as a simple, two-dimensional array of hexagonal cells and identify and analyze 

the mechanisms by which it deforms. From this Gibson calculated the elastic moduli and 

the elastic and plastic collapse stresses for ideal two-dimensional cellular materials. 

Experimentally verified results showed that mechanical properties depend on three 

parameters: a solid cell wall material property, a geometric constant, and the relative 

density of the cellular material raised to the power two or three. A few years later Almgren 

[5] and Wojciechowski [6] showed respectively mechanical and thermodynamical model 

of materials with auxetic behavior. 

In 1987 Lakes developed foams with negative Poisson’s ratio [7-8]. Since that time it 

is known that materials and structures showing the negative Poisson's ratio do exist in 

nature. Auxetic materials constitute a new class of materials that not only can be found in 

nature, i.e., cubic elemental metals, but can also be fabricated, including honeycombs, 

polymeric and metallic foams, and microporous polymers [9]. Materials with negative 

Poisson's ratio show unique and strengthened mechanical properties (indentation 

resistance, mechanical hardness, toughness, and stiffness, damping and acoustic 

properties) compared to the conventional materials. 

A variety of auxetic geometries have been developed and presented by other authors 

in previous works [10-14]. A comprehensive updated review of auxetic materials, their 

types and properties, and applications have been presented by Saxena et al. [13]. 

Based on the deformation mechanism, the auxetic cellular structures have been 

classified by authors into three types: a) re-entrant type; b) chiral type; and c) rotating 

units. These types of structures have been recently investigated by many researchers. In 
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particular, Strek and co-authors [15] presented, among other, sinusoidal ligament 

structures with small amplitude of sinusoidal geometry (stiff structures) of which was stiff 

and characterized by negative PR, when the structure is compressed or by positive PR 

during stretching. 

Another examples of auxetic materials are a composite material having no voids within 

their internal structure and yet exhibiting auxetic behavior: two-phase composites or 

structures have been presented recently [16-22].  

In 2004, Scarpa and co-authors showed that foam with the negative Poisson's shows 

an overall superiority regarding damping and acoustic properties compared to the original 

conventional foam [23]. Dynamics of auxetic structures made of positive materials were 

also investigated by other researchers [24-28]. 

In this paper, a forced response of plate with viscoelastic auxetic damper located at 

the free end of the plate is investigated. Damping elements involving layers of viscoelastic 

material with positive or negative Poisson's ratio. Viscoelastic is often used for reduction 

of vibration (seismic or wind induced vibrations in building structures or other structures) 

[29-30]. The common feature is that the frequency of the forced vibrations is low. It is 

assumed that these frequencies are not greater than 10 Hz. Calculations are made using 

finite element method with Comsol Multiphysics software. 

2. Model and material 

2.1. Governing equations 

The Navier's equation of motion with the linear constitutive relation between stresses and 

deformations is:  

𝜌
∂2𝐮

∂𝑡2
− ∇ ∙ 𝐒 = 𝐅𝐯  (1) 

where: ρ is the density, u is the vector of displacements, 𝐒 is stress tensor and 𝐅𝐯 is volume 

force. 

The total stress 𝐒 in Hooke’s law is then augmented by the viscoelastic stress 𝐒q and the 

external stress 𝐒ext  

𝐒 = 𝐒ad + 𝐂: 𝛆el                                                         (2) 

𝐒ad = 𝐒0 + 𝐒ext + 𝐒q                                                     (3) 

While elastic strain tensor 𝛆el represents the total strain minus initial and inelastic strains  

𝛆el =  𝛆 − 𝛆0                                                            (4) 

𝛆 =
1

2
((∇𝐮)𝑇 + ∇𝐮).                                                     (5) 

The elastic strain tensor can, in the same way, be decomposed into volumetric and 

deviatoric components: 𝛆el =
1

3
𝛆vol𝐈 + 𝛆dev, with the volumetric elastic strain given by 

𝛆vol = 𝑡𝑟𝑎𝑐𝑒(𝛆el) and the deviatoric contribution by 𝛆dev = 𝑑𝑒𝑣(𝛆el). 
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The Navier's equation of motion with the linear constitutive relation between stresses 

and deformations is:  

𝜌
∂2𝐮

∂𝑡2
− (𝜇∇𝟐𝐮 + (λ + 𝜇)∇∇ ∙ 𝐮) = 𝟎.  (6) 

A harmonic displacement is defined by an equation as below: 

 
∂2𝐮

∂𝑡2
= −ω2𝐮 (7) 

where: ω is forcing frequency. The displacement vector has the complex form and is 

defined as: 

𝐮(𝐱) = 𝐮1(𝐱) + 𝑗𝐮2(𝐱) (8) 

and the harmonic displacement is a real part of the complex form: 

𝐮(𝐱, 𝑡) = 𝑅𝑒[𝐮(𝐱)e−𝑗𝜔𝑡] (9) 

According to aforementioned equations the harmonic equation of motion of linear 

elastic material fulfills a formula: 

−𝜌𝜔2𝐮 − (𝜇∇𝟐𝐮 + (𝜆 + 𝜇)∇∇ ∙ 𝐮) = 𝟎 (10) 

where: µ, λ are Lamé constants. The harmonic equation may be viewed as the eigenvalue 

equation.  

In the case of viscoelastic material the harmonic equation of motion fulfills the 

formula: 

𝜌ω2𝐮 − ∇ ∙ 𝐒 = 𝐅e𝑖𝜙 .                                                     (11) 

𝐒 = 𝐒ad + 𝐂: 𝛆el − (𝑡𝑟𝑎𝑐𝑒(𝐂: 𝛆el)/3 + 𝑝𝑤)𝐈                                  (12) 

The trace of an n-by-n square matrix A is defined as the sum of the elements on the main 

diagonal (the diagonal from the upper left to the lower right): 𝑡𝑟𝑎𝑐𝑒(𝐀) = ∑ 𝐴𝑖𝑖𝑖 . 

2.2. Model of viscoelastic material 

A convenient way of describing the time-dependent viscoelastic response is to use the 

spring-dashpot models of material [29-31]. The generalized Maxwell, standard linear solid 

and Kelvin-Voigt model is the most popular models of viscoelastic materials. All the 

models are linear, and the corresponding materials can be described as consisting of one 

or more branches with a spring and a dashpot acting in parallel to a linear elastic material. 

For each viscoelastic branch, the shear modulus and the relaxation time (or viscosity) are 

introduced. 

The relaxation shear modulus function (or just relaxation function) function G(t) can 

be found by measuring the stress evolution in time when the material is held at a constant 

strain. The relaxation function is often approximated by a Prony series: 

𝐺(𝑡) = 𝐺 + ∑ 𝐺𝑚𝑒𝑥𝑝(−
𝑡

𝜏𝑚
)𝑁

𝑚=1                                    (13) 
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A physical interpretation of this approach often called the generalized Maxwell model 

with 𝐺 is the stiffness of the main elastic branch, 𝐺𝑚 represents the stiffness of the spring 

in branch m, and τ𝑚 is the relaxation time constant of the spring-dashpot pair in branch m 

(see Figure 1). 

The shear modulus of the elastic branch 𝐺 is normally called the long-term shear 

modulus, or steady-state stiffness, and is often denoted with the symbol 𝐺∞. The 

instantaneous shear modulus 𝐺0 is defined as the sum of the stiffness of all the branches 

𝐺(𝑡 = 0) = 𝐺0 = 𝐺 + ∑ 𝐺𝑚
𝑁
𝑚=1 . This is the stiffness when the external load is applied 

much faster than the shortest relaxation time of any viscous branch. 

Consequently, we can write the relaxation function (13) as: 

𝐺(𝑡) = 𝐺0 −∑ 𝐺𝑚 +
𝑁
𝑚=1 ∑ 𝐺𝑚 𝑒𝑥𝑝 (−

𝑡

𝜏𝑚
) =𝑁

𝑚=1 𝐺0 − ∑ 𝐺𝑚 (1 − 𝑒𝑥𝑝 (−
𝑡

𝜏𝑚
))𝑁

𝑚=1 . (14) 

 

Figure 1. Generalized Maxwell model with m branches (a spring-dashpot pair) 

The relaxations time 𝜏𝑚 is normally measured in the frequency domain, so the 

viscosity of the dashpot is not a physical quantity but instead, it is derived from stiffness 

and relaxation time measurements. The viscosity of each branch can be expressed in terms 

of the shear modulus and relaxation time as 𝜂𝑚 = 𝐺𝑚𝜏𝑚. The sum of the stresses in the 

viscoelastic branches as: 𝐒q = ∑ 𝐺𝑚
𝑁
𝑚=1 𝑞𝑚 = ∑ 𝐺𝑚

𝑁
𝑚=1 (휀 − 𝛾𝑚), where 𝑞𝑚 is the 

auxiliary strain variable introduced to represent the extension of the corresponding abstract 

spring. 

Using Fourier transforms the time-dependent shear relaxation modulus can be 

expressed in the frequency domain as 

𝐺 = 𝐺𝒔 + 𝑗𝐺𝑙                                                        (15) 

where 𝐺𝒔 is storage modulus and Gl is loss modulus defined as Prony's series 

𝐺𝒔 = ∑ 𝐺𝑚
(𝜔𝜏𝑚)

𝟐

1+(𝜔𝜏𝑚)
𝟐𝑚                                                  (16) 

𝐺𝑙 = ∑ 𝐺𝑚
𝜔𝜏𝑚

1+(𝜔𝜏𝑚)
𝟐𝑚                                                  (17) 

𝐒q =2(𝐺𝒔 + 𝑗𝐺𝑙) 𝑑𝑒𝑣(𝜺𝑒𝑙)                                             (18) 

where 𝑑𝑒𝑣(𝛆𝑒𝑙) is the deviatoric of strain tensor.  
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3. Numerical results 

The viscoelastic layers of dampers mounted on the steel plate are modeled by the 

generalized Maxwell model. The generalized Maxwell model represents the viscoelastic 

material as a series of branches, each with a spring-dashpot pair. Eighteen viscoelastic 

branches guarantee accurate representation of the material behavior for a wide range of 

excitation frequencies when the damper is subjected to forced vibration. The values of the 

shear moduli and relaxation times for each branch used in this research were presented by 

Park [30] and are summarized in Table 1. Material parameters (Young's modulus, 

Poisson's ratio, bulk modulus, 𝐾 = 𝐸 (3 ∙ (1 − 2ν))⁄ , and shear modulus,  

𝐺 = 𝐸 (2 ∙ (1 + ν))⁄ , of the plate and viscoelastic dampers are presented in Table 2.  

The steel plate is fixed on the left boundary and free on the right boundary. Damper on the 

right side of the plate is harmoniously loaded at the top boundary with a total force 

amplitude 𝐅 = [0, 𝐹, 0] with 𝐹 = 1000 N. Dampers consists of steel and viscoelastic 

layers and are mounted on both sides of the plate (see Figure 2). Steel is marked in gray 

and the viscoelastic material is in blue. The thickness of the plate is 0.004 m, length is 0.2 

m and width is 0.1 m. Damper thickness is 0.014 m and thickness of the viscoelastic 

material is 0.01 m.  

Table 1. The values of the shear moduli and relaxation times for 18 branches [30] 

Branch,  

m 

Shear 

modulus, 

 𝐺𝑚 [MPa] 

Relaxation 

time, 

 𝜏𝑚 [s] 

Branch,  

m 

Shear 

modulus, 

 𝐺𝑚 [MPa] 

Relaxation 

time, 

 𝜏𝑚 [s] 

1 13.3 1e-7 10 4.15 1e-2 

2 286 1e-6 11 2.03 3.16e-2 

3 291 3.1e-6 12 1.11 1e-1 

4 212 1e-5 13 0.491 3.16e-1 

5 112 3.16e-5 14 0.326 1 

6 61.6 1e-4 15 0.0825 3.16 

7 29.8 3.16e-4 16 0.126 10 

8 16.1 1e-3 17 0.0373 100 

9 7.83 3.16e-3 18 0.0118 1000 

Table 2. Parameters of materials of the plate and viscoelastic material 

Parameter 
Steel AISI 

4340 

Classic 

material 

Cork 

material 
Auxetic 

material A 

Auxetic 

material B 

Young's modulus, E [Pa] 205e9 2e5 2e5 2e5 2e5 

Poisson's ratio, ν [-] 0.28 0.4 0 -0.5 -0.9 

Bulk modulus, K [Pa] 1.553e11 3.3333e5 66667 33333 23810 

Shear modulus, G [Pa] 8.0078e10 71429 1e5 2e5 1e6 

Density, 𝜌 [kg/m3] 7850 1060 1060 1060 1060 

 



Vibrations in Physical Systems 2018, 29, 2018003 (6 of 9) 

 
Figure 2. The geometry of plate fixed on the left side and the harmonically loaded on the 

damper mounted on right side of the plate 

 

a) 

 

b) 

 

Figure 3. Average value of (a) storage and (b) loss moduli for the viscoelastic material of 

damper 

 

a) 

 

b) 

 

Figure 4. The average amplitude of displacement of the plate for different Poisson's ratio 

of (a) viscoelastic material and (b) elastic material of damper 

 

Average stores moduli and loss of the viscoelastic material with different Poisson's 

ratio of dampers mounted on the plate are presented in Figure 3. Both axes are with the 

logarithmic scale to show changes in the characteristics. Value of both modulus generally 

increase and depends on a considered range of frequency. Calculations were made for a 

range of frequency from 10-4 to 106 Hz calculated with step 100.25 Hz. Value of storage 

moduli depends on the frequency of motion. The moduli are highest for auxetic 
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viscoelastic material (𝜈 = −0.99) and smallest for classic material with positive Poisson's 

ratio (𝜈 = 0.49). 

In the considered problem, the analysis was made for the plate with mounted dampers 

with viscoelastic and elastic properties. Comparison of amplitudes of motion of plate is 

presented in Figure 4. Calculations were made for a range of frequency from 10-4 to 101 

Hz with step 100.2 Hz. Finite element method was used to solve Navier's equation with 

Comsol Multiphysics software. Second order Lagrange polynomial shape functions and 

tetrahedral elements were used. The number of mesh elements was 9899 (vertex elements: 

28, edge elements: 50, boundary elements: 60) and the number of degrees of freedom was 

48522. 

The average amplitude of displacement of the right edge of the plate is frequency-

dependent and is calculated for the lowest located boundary of the considered geometry. 

For assumed values of Poisson's ratio of the material of damper, the minimum value of 

average displacement is for frequency: about 3 Hz in the case of viscoelastic material and 

close to 0 Hz for an elastic material. The smallest values of total displacement of the plate 

are achieved for a whole range of considered frequencies for 𝜈 = −0.99 for vthe 

iscoelastic and elastic material of dampers. 

4. Conclusions  

In this paper, a forced response of a plate with viscoelastic auxetic damper located at the 

free end of the plate was studied. Damper consists of two layers: steel cover layer and 

layer of viscoelastic material with positive or negative Poisson's ratio. Viscoelastic 

materials are often used for reduction of vibration. The common feature is that the 

frequency of the forced vibrations is low. Calculations were made using finite element 

method with Comsol Multiphysics software.  

Values of stores and loss moduli depend on the frequency of load and motion. The 

storage moduli are highest for auxetic viscoelastic materials and smallest for classic 

material with positive Poisson's ratio. The average amplitude of displacement of the plate 

for different Poisson's ratio of viscoelastic material and elastic material of damper are 

compared. It was shown that the minimum value of the average displacement is for 

frequency: about 2 Hz in the case of viscoelastic material and close to 0 Hz for an elastic 

material. 
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