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Abstract
The paper presents the model of calculating ultrasound waveform beam emitted inside the circular space of
ultrasonic transducer ring array and propagated through a biological medium submerged in water. Each
elementary transducer emits a burst signal, which then propagates through a medium and is received by a number
of transducers on the opposite side of the ring array. The method allows for calculating runtime and amplitude
of ultrasonic bursts while traveling from an emitter to a receiver through a specified soft tissue section geometry,
having regard to the refraction and attenuation effects and directivity pattern of transducers. The soft tissue
section geometry is constructed using circular shapes with given ultrasound speed and attenuation distribution.
The elaborated software creates a set of received waveforms for each transmitting transducer. The presented
results produced by the software can be used as a basis for further research on inverse problems in ultrasound
waveform tomography.
Keywords: model of multipath propagation of ultrasonic pulses, ultrasonic transducer ring array, divergent wave
beam, soft tissue, ultrasound tomography

1. Introduction
The concept of ultrasound waveform tomography shows much promise as a new method
for medical imaging aiding in cancer detection and diagnosis [1, 2]. However, this imaging
method is computationally complex, as the inverse problems have to be solved on large
amounts of numerical data. We propose a method of generating exemplary data which can
be an aid in developing, testing and evaluating algorithms of waveform tomography.
The method is designed to provide exemplary results simulating the behavior of
the ultrasound tomography transducer ring array [3, 4], modeled after existing real world
implementations. The generated results are simulating the propagation of ultrasonic pulses
through biological media submerged in water. The model is highly flexible, allowing for
modeling of results for media with various ultrasound speeds and internal composition of
the soft tissue section. The elaborated method does not limit the shape of the section.
However, the software implementation currently supports the geometry constructed from
circular, non-intersecting shapes only. In order to simplify the generation of the results,
only refractions and internal reflections of ultrasound beams are taken into consideration.
2. Model of ultrasonic pulse
The ultrasonic pulse is modeled using the equation for linear burst type signals [5]:
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Where p0 is the amplitude of acoustic pressure, t is the time, f0 is the pulse resonant
frequency, mc is the number of sine wave cycles, m is the exponent, which is used to shape
the envelope, and ω0 = 2πf0.
For the purposes of this paper, the generated pulses had the parameters f0 = 2 MHz,
φ0 = 0, mc = 7, and the exponent m has the values of m = 2 for the first half of the burst,
and m = 0.5 for the second half. An example of a generated burst is displayed on Fig. 5.
3. Model of transducer directivity
The directivity of each transducer element is modeled to simulate the attenuation of
amplitude of the ultrasonic beam which is propagated or received in the transducer at
a non-zero angle. The directivity pattern of a rectangular transducer can be calculated from
the equation [6]:
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where u = (2πsinθ)/λ, w = (2πsinφ)/λ, a and b are width and height of the transducer, θ is
the angle along the OX axis, and φ is the angle along the OY axis. Since the problem is
considered in a 2-D environment, it can be assumed that φ = 0, and the factor containing
the w variable can be disregarded:
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In the case of narrow rectangular ultrasonic transducers (and so is in this case), better
approximation of the directivity pattern gives the formula with the extra cosθ factor, which
derives from the proper interpretation of the Rayleigh-Sommerfeld theory [7]:
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An example of a directivity pattern generated using the above formula can be seen on
Figure 1.
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Figure 1. Simulated directivity pattern of a single rectangular transducer
in the ring array
4. Model of propagation
The soft tissue geometry is constructed using circular section elements, with given center
point (x0,y0), radius r, ultrasound speed c, material density ρ, and attenuation distribution
a. The transducer ring array is constructed from n2 emitter-receiver elements and is
approximated as a regular circle with the specified radius R. For the purposes of this paper,
the geometry of the section placed inside the space of the ring array simulates a breast
tissue submerged in water.
The ultrasonic beam is simulated by generating a number of rays from the source origin
point, which is located in the middle of the emitting transducer. The rays are generated at
angles in the range from -α/2 to α/2, where α is the angular width of the simulated beam.
Together with each beam, a simulated pulse waveform is calculated using equation (1).
The attenuation and delay of the pulse are applied to the waveform after the propagation
is fully simulated. For evaluation, a value of α = 45° was chosen. For adequate simulation
accuracy the recommended number of rays is greater or equal to the number of ring array
transducers. Additionally, for each ray, the directivity gain ge of the emitting transducer is
calculated using equation (4).
Having computed the directional vectors of each ray, intersections with the nearest soft
tissue geometry element can be easily found analytically. For each found point of
intersection, the ray is recalculated according to Snell’s law. The distance between
a previous origin point (e.g. the emitter, or a previous material boundary) is saved together
with the information about the ultrasound speed in the medium the ray is currently
traversing.
The following equations are used to calculate the ray after colliding with material
boundaries, where I is the incident ray vector, N is the normal vector of the geometry
element, T is the transmitted ray vector [8], 1 and 2 are the incidence and refraction
angles. The vectors are normalized so that the lengths of both I and T are equal to 1.
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The angle of incidence can be obtained by calculating the dot product of the incident vector
and the inverse of the normal vector:

cos 1   N  I
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After applying Snell’s law, it is possible to calculate the angle of refraction:
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This allows for calculation of the transmitted ray T [8]:
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If the calculated angle of refraction is real, then the incident ray is refracted by
traversing the element boundary. In this case, it is necessary to calculate the weakness of
the ultrasonic pulse. The amplitude transmitting coefficient can be calculated using
the following formula [9]:
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where θ1 is the angle of incidence, ρ1 is the material density of the first environment, ρ2
is the material density of the second environment, c1 is the ultrasound speed of the first
environment, and c2 is the ultrasound speed of the second environment.
If the calculated angle of refraction is a complex number, then internal reflection
is occurring. In this case, the resulting vector is calculated with the following formula:
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(9)

The calculated transmitted vector T can be used together with the intersection point to
create a new, refracted ray, on which the process can be repeated for the rest of remaining
collisions on the path of the ray. When there are no more soft tissue elements for the ray
to collide with, an intersection with the transducer ring array is found, and the angle
between the propagating ray and the receiving transducer element is calculated. Basing on
this angle, the directivity gain for the receiving transducer gr is calculated using
equation (4). Half of the transducers opposite of the emitter are taken into consideration.
If the ray collides with a transducer outside of this boundary, it is discarded. The waveform
of the propagating ray is added to the input buffer of the receiver transducer.
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5. Runtime and amplitude equations
The information gathered allows to calculate the complete waveform of the signal received
by the transducer which is hit by the propagated rays. In order to obtain this waveform,
the generated pulse must be attenuated and delayed accordingly. The attenuation factor is
dependent on the length of the path that the ray has taken through the section geometry,
ultrasound speeds of materials passed through, and the number of material boundaries
traversed. The equation of the gain can be expressed as:
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Where ge is the directivity gain for the emitter transducer, gr is the directivity gain
for the receiver transducer, si is the distance and αi is the attenuation distribution for
i = 1… nth element passed by the ray, Di is the transmitting coefficient for i = 1 … kth
material boundary passed by the ray.
The time delay of the received pulse can be expressed as:
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Where si is the distance and ci is the ultrasound speed of i = 1 … nth element passed by
the ray.
6. Implementation and results
An implementation of this method has been elaborated in Python programming language,
using the Shapely library for geometrical computations. The elaborated software is
capable of generation and visualization of results of divergent beam tomography.
The process can be parametrized by selecting the number of transducers in the ring array,
the number of rays simulated in the beam, and the width of the beam. For each emitting
transducer, the software generates a set of waveforms received by the receiving
transducers.
Figure 2 presents examples of the modelling of the paths taken by the rays in
the ultrasound beam. In this example, a beam of 32 rays with the width of 45° has been
propagated through a medium submerged in water. In the left example, the element has
a higher ultrasound speed than that in the water, and in the right example, the ultrasound
speed in the element is lower than that in the water. It can be seen how the introduction of
the tissue into the water is affecting the ultrasound beam.
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Figure 2. Examples of the modeled ray paths in the ultrasound beams passing through
higher and lower sound speed media
Figure 3 presents a modeled propagation through a complex medium - a soft tissue
section which contains elements with three different ultrasound speed values.
The ultrasound speed of the main element is similar to the sound speed of tissue such as
a female breast. The other ultrasound speed values have been chosen to visualize the
focusing and scattering of the beams. The right side of the figure presents a selection of
received waveforms from the aforementioned example. It can be seen how the angle of
the beam, distance traveled by the ultrasound pulse, and the presence of tissue on its way
affects the amplitude and time delay of the signal. The received waveforms are numbered
from 1 to 25, and the locations of the transducers that received those waveforms are
marked on the left plot. A number of the received waveforms, e.g. numbered 10, 18,
and 21 are a result of multiple beams entering the same receiver transducer. In this case,
it can be observed that the waveforms of the received signals are amplified or attenuated
due to summing of signals incoming to the receiver.

Figure 3. Example of the modeled ray paths in a complex section geometry,
and a selection of waveforms received by the simulated transducer
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Figure 4 shows another example of propagation through the complex geometry, where
the differences between sound speeds of the elements are smaller than in the previous
example. Focusing of the beams on the elements with lower sound speed (beams 18 to 20)
and scattering of the beams on elements with higher sound speed (beams 9 to 11) can be
observed. Beams 13 to 16 are passing through an object with lower sound speed first, and
an object with higher sound speed second. This example presents that the model is capable
of calculating many refractions for each beam.

Figure 4. Example of propagation through a section with elements of varying sound
speed, and the waveforms received by the simulated transducer
Figure 5 presents an example of an ultrasound pulse waveform before and after
propagating through a complex section geometry. This example was generated using 1024
transducer elements, and 1024 rays for each propagation. Due to multipath nature of
the elaborated method, the receiving transducer has been hit by many rays at different
times, causing changes in the envelope of the received signal.

Figure 5. Examples of the generated pulse waveform before
and after propagating through a system
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7. Conclusions
The elaborated method allows for effective, and computationally inexpensive generation
of exemplary results of ultrasound tomographic measurements, which can be used as
reference measurements in the development of ultrasound waveform tomography
algorithms. The flexible geometry and possibility of parametrizing results allows for
analysis of factors such as the number of transducers, their directivity, and the size of the
ring array on measurement results. The elaborated software due implementation can also
be useful as a teaching aid to explain basic ultrasonic wave propagation phenomena using
the implemented visualization methods.
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