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Abstract
This paper presents the development of a mathematical model of a bio-mechanical system: human ‒ power tool,
on the example of an impact drill. The physical model of the operator's upper limb with 5 degrees of freedom,
in accordance with ISO 10068 standard was used. The paper presents the results of theoretical analysis regarding
elementary and net displacements for individual directions. Moreover mathematical relationships describing
them were determined. The result of the synthesis of these relations and the adopted (in accordance with the
standard) physical model of the upper limb is the general matrix form of differential equations of motion of the
analysed bio-mechanical system, built using the Lagrange’s equations of the second kind.
Keywords: local vibration, mathematical model, impact drill, ISO 10068, Lagrange’a equation second kind

1. Introduction
Modelling, simulations and numerical experiments have become one of the most common
tools used in the engineering practice. They cover a wide range of issues, including static
calculations of elements and structures of various types [1-9], heat and/or working medium
(liquids) flows [10-16], changes in the intensity of vector fields (electric
and electromagnetic) [17-24] as well as vibration and dynamic analyses of constructions
[25-34]. Regardless of the type of analysis conducted, energy methods, such as the finite
element method (FEM) and less often the boundary element method (BEM), are used to
meet the mentioned goals.
Computation of a complex system, e.g. mechanical construction, is generally limited
to solving the differential equation of motion - in the case of dynamic analysis, or the
equation of displacement of the system - in the case of static analysis. The generalized
equation of motion in the matrix notation is presented below.
[𝑀][𝑞(𝑡)
̈ ] + [𝐶][𝑞(𝑡)
̇ ] + [𝐾][𝑞(𝑡) ] = [𝐹(𝑡) ]

(1)

where: [M], [C], [K] are matrices of inertia, damping and elasticity,
[F(t)] is a vector of forces,
[q(t)], [𝑞̇ (t)], [𝑞̈ (t)] are vectors of displacement, velocity and acceleration.
The issues of vibration impact on the human body, including the methodology of
performing measurements of local vibrations, are discussed in EN ISO 5349‒1 [35] and
EN ISO 5349‒2 [36] standards. The issue of practical way of measuring vibration of
specific body parts (elbow, shoulder, etc.) has been discussed many times, among others
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in the works of Bąk and Cukierman-Rakoczy as well as Mrukwa, Świder and Staniek
[37, 38]. Doubts regarding unambiguousness of the results obtained (vibrations of soft and
hard tissues) and limitations of ethical nature (permanent fixation of the measuring
equipment with a human body) have led to the creation of a unified physical model of the
upper limb. The first attempts have been made in the 1980s. Possible variants of the human
body modelling were presented by Książek as well as Nader and Korzeb [39, 40].
The final result of this work is the ISO 10068:1998 standard [41], which has been
successfully used so far. The bio-mechanical system is the result of the synthesis of
a mechanical system interpreted as the source of vibrations - e.g. a power tool with the
operator's body. In this work, author has analysed and mathematically described vibrations
of the bio-mechanical system for three directions of the Cartesian coordinate system, with
an assumption that the device (the source of vibrations) can move in all six degrees of
freedom.
The mathematical model allowed the author to analyse vibrations of individual human
body parts, structural energy flow [42]. This is important when determining the
permissible time of exposure to harmful factors that undoubtedly occur during the
operation of a device of this type [44-46] and the implementation of occupational safety
and health policy.
The aim of the work was to build a mathematical model of the bio-mechanical system:
operator ‒ power tool, basing on ISO 10068, using equivalent model of upper limb with
5-dof (degrees of freedom) , while assuming that movement of the source of vibrations in
all six degrees of freedom is possible. The same physical model was used for each upper
limbs. The structure of the physical model is the same for each of the direction of the
coordinate system.
2. Research methodology
The basis for the carried out analysis is the 5-dof equivalent model of the upper limb,
which is shown in the Figure 1. The figure presents a combined system of mass elements
parallel connected in series and in parallel that represent fragments of the upper limb. Mass
elements are connected with each other by both elastic and damping elements. The model
also highlights the reference directions of individual coordinate axes in relation to the hand
‒ tool handle system. The structure of the upper limb model is the same for both limbs and
in all directions of the coordinate system.
The analysed device is Hitachi DH 22 PH rotary hammer, with a power of 620 W.
The maximum spindle speed of this device (without load) equals 1400 rpm. In the impact
drilling mode, the mechanism generates 5600 impacts per minute, each with an energy of
1.7 J. Visual inspection and analysis of the device's kinematic and assembly diagrams
allow to state that the device's centre of gravity is shifted relative to the plane of
the device’s body. It also does not coincide with any of handles or the spindle axis.
The analysed device was presented on the figure 1.
In the presented model the device's handles are the sources of vibrations. Previous
research carried out by the author showed that the device's handles vibrate in all 3
directions. The vibrations have different values for each direction, which makes it possible
to suspect that the device moves in all six degrees of freedom during operation [45, 46].

Vibrations in Physical Systems 2020, 31, 2020108

(3 of 20)

Figure 1. Analysed impact drill - Hitachi DH 22 PH [own photo]

where:
m0, m1, m2, m3, m4 - equivalent
mass coefficients;
k0, k1, k2, k3, k4 - equivalent d
stiffness coefficients;
c0, c1, c2, c3, c4 - equivalent
damping coefficients

Figure 2. 5-dof equivalent model of upper limb [41]
The result of the synthesis of the considered device and the equivalent model of the
upper limbs in the base direction (Z axis of the device – spindle’s axis) is shown in Figure
3. Furthermore, Figure 4 shows the displacement field corresponding to the equivalent
physical model of the entire bio-mechanical system (Figure 3). Figure 4 shows the linear
displacement caused by one vector component of the eigenvector of the system and the
angular displacement which generates the corresponding linear displacement of the
device’s handle. The geometric dimensions describing distances between reference points
(reduction point) associated with the device handles and the centre of mass are also shown
in the figure.
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Figure 5 (accordingly to Figure 3) presents the equivalent model of the bio-mechanical
system in the Y direction (horizontal, transverse to the spindle axis). Figure 6 shows the
displacement field of the device handle on the XZ plane. The equivalent model of the
system in the Y axis (vertical direction) and the associated with it displacement field are
shown in Figures 7 and 8.

Figure 3. Equivalent model for Z direction
In the figure following markings have been adopted:
m0zL, m1zL, m2zL, m3zL, m4zL ‒ equivalent mass coefficients of the left hand in Z direction,
m0zR, m1zR, m2zR, m3zR, m4zR ‒ equivalent mass coefficients of the right hand in Z
direction,
k0zL, k1zL, k2zL, k3zL, k4zL ‒ equivalent stiffness coefficients of the left hand in Z direction,
k0zR, k1zR, k2zR, k3zR, k4zR ‒ equivalent stiffness coefficients of the right hand in Z
direction,
c0zL, c1zL, c2zL, c3zL, c4zL ‒ equivalent dumping coefficients of the left hand in Z direction,
c0zR, c1zR, c2zR, c3zR, c4zR ‒ equivalent dumping coefficients of the right hand in Z
direction,
z(t) – linear displacement of centre of the mass in Z direction,
φx(t) – angular displacement of the model around the X axis,
WzL(t) – net displacement of the device’s left handle in Z direction,
WzR(t) – net displacement of the device’s right handle in Z direction,
b c, d ,e, g – dimensions describing position (distance) between device’s handles, spindle
and the centre of the mass of the device.
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Figure 4. Displacement graph for Z direction
In the figure following markings have been adopted:
b c, d ,e, g – dimensions describing position (distance) between device’s handles, spindle
and the centre of the mass of the device,
zL(t) – displacement of the device’s left handle in Z direction caused by linear
displacement z(t),
zL(φx(t)) – displacement of the device’s left handle in Z direction caused by angular
displacement φx(t),
yL(φx(t)) – displacement of the device’s left handle in Y direction caused by angular
displacement φx(t),
zR(t) – displacement of the device’s right handle in Z direction caused by linear
displacement z(t),
zR(φx(t)) – displacement of the device’s right handle in Z direction caused by angular
displacement φx(t),
yR(φx(t)) – displacement of the device’s right handle in Y direction caused by linear
displacement z(t).
Designation of parameters in the four following figures was done in accordance to
designation of parameters in Figures 3 and 4.
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Figure 5. Equivalent model for X direction

Figure 6. Displacement graph for X direction
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Figure 7. Equivalent model for Y direction

Figure 8. Displacement graph for Y direction
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In order to solve the simulation model, it is necessary to determine the value of the
force vector – components of the eigenvector and the eigenmoment. The determination of
these values requires carrying out kinematic analyses of the device’s drive. To do this, one
have to define positions of all bearing nodes in relation to the device’s centre of the mass.
Furthermore, values of technological forces from the tool (friction strength, resistance
torque, etc.) should be determined. Then basing on the knowledge of the drive structure
and dimensions of its components values of reaction forces (bearings) are calculated.
An assembly drawing of the analysed device with highlighted movable parts is shown
in Figure 9.

Figure 9. Assembly drawing Hitachi DH 22 PH [47]
The kinematic scheme of the driving mechanism was created based on the assembly
drawing. It is presented in the following figure.

Figure 10. Kinematic scheme of the driving mechanism
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The list of movable parts together with the kinematic scheme allows us to analytically
determine the value of the mass moment of inertia of the driving mechanism reduced to
the spindle axis - IZINT. MECH.. It is described by the following equation
𝐼𝑍

𝐼𝑁𝑇.𝑀𝐸𝐶𝐻.

(𝐼1 + 𝐼2 + ⋯ . +𝐼7 + 𝐼8 + 𝐼13 + 𝐼14 + 𝐼22 + ⋯ . +𝐼28 )
𝑍1
𝑍1 𝑍3]
=[
+(𝐼42 + 𝐼44 +. . . . +𝐼52 )
+ (𝐼54 +. . . . +𝐼57 + 𝐼61 + 𝐼62 )
𝑍2
𝑍2 𝑍4

where: Ii – value of individual moment of inertia; Z1, Z2, Z3, Z4 – number of teeth of
each gear
A force field acting on bearing nodes was also created on the basis of the kinematic
scheme. The input parameters for such calculations are: technological forces, ratios of gear
stages as well as geometrical dimensions of elements and arrangement of the bearings.
According to reverse engineering values and frequencies of reaction forces can be
calculated. These forces are transferred through the device’s body onto its handles. They
form three-dimensional general force system, that according to principals of the vector
calculus, reduces to the eigenvector and the eigenmoment of the entire system. The force
field is shown in the figure below.

Figure 11. Drive mechanism load diagram
where: M res. – resistance torque; F res.i – resistance force; F sup.j i – supporting force;
M tw. j – twisting torque;F comp. – compression force; F j circ. – circumferential force;
F tang. j – tangential force; F rad. j – radial force; M osc.i – oscillating moment; i – X,
Y and Z - axis of coordinate system; j – index calculations – number of bearing
node and stage of gear of the drive mechanism.
3. Analytical research results
The net displacement of a handle in the considered direction are a geometric sum of the
linear displacement of the centre of the mass in this direction and angular displacements
resulting from the rotational movement of the device relative to the other two axes of the
coordinate system passing through the centre of the mass, for a specific arm measured
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between the centre of the mass and the reference point assigned to a the handle. The net
vibrations are described for each of directions of the coordinate system, in the case of the
rear handle with equations (2), (3) and (4), and for the front handle with equations (5), (6)
and (7). In these equations, the net displacements of the handle – reference point, were
defined as the geometric sum of the linear displacement of the device's centre of the mass
and the displacement of the handle caused by rotational movement relative to axes passing
through the centre of the mass. Finally, assuming the linear and angular displacements are
finitely small, the components of lower orders, that are associated with to the double
product of angular displacements, were omitted and resulted with the following set of
equations.
𝑊𝑅 𝑍(𝑡) = 𝑧(𝑡) + 𝑧𝑅(𝜑𝑋(𝑡)) + 𝑧𝑅(𝜑𝑌(𝑡))
= 𝑧(𝑡) + (−𝑏 ∙ 𝜑𝑥(𝑡) − 𝑑 ∙ 𝜑𝑥(𝑡) ∙ 𝜑𝑥(𝑡) ) + (−𝑓 ∙ 𝜑𝑦(𝑡) − 𝑑 ∙ 𝜑𝑦(𝑡) ∙ 𝜑𝑦(𝑡) )
≅ 𝑧(𝑡) − 𝑏 ∙ 𝜑𝑥(𝑡) + 𝑓 ∙ 𝜑𝑦(𝑡)

(2)

𝑊𝑅 𝑋(𝑡) = 𝑥(𝑡) + 𝑥𝑅(𝜑𝑌(𝑡)) + 𝑥𝑅(𝜑𝑍(𝑡))
= 𝑥(𝑡) + (𝑑 ∙ 𝜑𝑦(𝑡) + 𝑑 ∙ 𝜑𝑦(𝑡) ∙ 𝜑𝑦(𝑡) ) + (−𝑓 ∙ 𝜑𝑦(𝑡) − 𝑑 ∙ 𝜑𝑦(𝑡) ∙ 𝜑𝑦(𝑡) )
≅ 𝑥(𝑡) − 𝑑 ∙ 𝜑𝑦(𝑡) + 𝑓 ∙ 𝜑𝑦(𝑡)

(3)

𝑊𝑅 𝑌(𝑡) = 𝑦(𝑡) + 𝑦𝑅(𝜑𝑋(𝑡)) + 𝑦𝑅(𝜑𝑍(𝑡))
= 𝑦(𝑡) + (−𝑑 ∙ 𝜑𝑥(𝑡) + 𝑏 ∙ 𝜑𝑥(𝑡) ∙ 𝜑𝑥(𝑡) ) + (𝑓 ∙ 𝜑𝑧(𝑡) + 𝑏 ∙ 𝜑𝑧(𝑡) ∙ 𝜑𝑧(𝑡) )
≅ 𝑦(𝑡) − 𝑑 ∙ 𝜑𝑥(𝑡) + 𝑓 ∙ 𝜑𝑧(𝑡)

(4)

𝑊𝐿 𝑍(𝑡) = 𝑧(𝑡) + 𝑧𝐿(𝜑𝑋(𝑡)) + 𝑧𝐿(𝜑𝑌(𝑡))
= 𝑧(𝑡) + (𝑒 ∙ 𝜑𝑥(𝑡) + 𝑐 ∙ 𝜑𝑥(𝑡) ∙ 𝜑𝑥(𝑡) ) + (𝑎 ∙ 𝜑𝑦(𝑡) + 𝑐 ∙ 𝜑𝑦(𝑡) ∙ 𝜑𝑦(𝑡) )
≅ 𝑧(𝑡) + 𝑒 ∙ 𝜑𝑥(𝑡) + 𝑎 ∙ 𝜑𝑦(𝑡)

(5)

𝑊𝐿 𝑋(𝑡) = 𝑥(𝑡) + 𝑥𝐿(𝜑𝑌(𝑦)) + 𝑥𝐿(𝜑𝑍(𝑡))
= 𝑥(𝑡) + (−𝑐 ∙ 𝜑𝑦(𝑡) + 𝑎 ∙ 𝜑𝑦(𝑡) ∙ 𝜑𝑦(𝑡) ) + (−𝑒 ∙ 𝜑𝑧(𝑡) + 𝑎 ∙ 𝜑𝑧(𝑡) ∙ 𝜑𝑧(𝑡) )
≅ 𝑥(𝑡) − 𝑐 ∙ 𝜑𝑦(𝑡) − 𝑒 ∙ 𝜑𝑧(𝑡)

(6)

𝑊𝐿 𝑌(𝑡) = 𝑦(𝑡) + 𝑦𝐿(𝜑𝑋(𝑡)) + 𝑦𝐿(𝜑𝑍(𝑡))
= 𝑦(𝑡) + (𝑐 ∙ 𝜑𝑥(𝑡) − 𝑒 ∙ 𝜑𝑥(𝑡) ∙ 𝜑𝑥(𝑡) ) + (−𝑎 ∙ 𝜑𝑧(𝑡) − 𝑒 ∙ 𝜑𝑧(𝑡) ∙ 𝜑𝑧(𝑡) )
≅ 𝑦(𝑡) − 𝑐 ∙ 𝜑𝑥(𝑡) − 𝑎 ∙ 𝜑𝑧(𝑡)

(7)

The mathematical model of the analysed bio-mechanical system was developed using
the Lagrange’s equations of the second kind. For each of the reference points, directions
of vibration and type of motion device (linear and angular), the motion equation
was derived individually. The general form of the Lagrange’s equation is presented by
equation (8).
𝑑 𝜕𝐸𝐾
𝜕𝐸𝐾
𝜕𝐿
𝜕𝑉
𝜕Ø
(
)−
=
−
−
(8)
𝑑𝑡 𝜕𝑞𝑗̇
𝜕𝑞𝑗 𝜕𝑞𝑗 𝜕𝑞𝑗 𝜕𝑞𝑗̇
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where: EK – total kinetic energy of the reduction point; L- virtual work of stimulating
force at the point of reduction; V-potential elastic forces; Ø –power dissipation
function; q- generalized coordinate; j – index calculations; j = 1,2, 3, …, s;
s – number of degrees of freedom
Determination of the net accelerations requires knowledge of the values of linear
displacements and rotational movements performed in relation to the axes passing through
the device’s centre of the mass. This leads to formulation and solution (numerically) of
the mathematical model - 24 differential motion equations, which representation can be
shortened by using the matrix notation and equation (1). Then the general form of the
components of this equation is given in the following form:
A) Displacement vector and inertia matrix:

𝑞(𝑡)

𝑖𝑅0(𝑡)
𝑖𝐿0(𝑡)
𝑖𝑅1(𝑡)
𝑖𝐿1(𝑡)
=
𝑖𝑅2(𝑡)
𝑖𝐿2(𝑡)
𝑖(𝑡)
[ 𝜑𝑖(𝑡) ]

𝑚0𝑖𝑅 0
0
0
0
0
0 𝑚0𝑖𝐿 0
0
0
0
0
0 𝑚1𝑖𝑅 0
0
0
0
0
0 𝑚1𝑖𝐿 0
0
[𝑀] = 0
0
0
0 𝑚2𝑖𝑅 0
0
0
0
0
0 𝑚2𝑖𝐿
0
0
0
0
0
0
0
0
0
0
0
[ 0

0 0
0 0
0 0
0 0
0 0
0 0
𝑀𝑖 0
0 𝐽𝑖 𝑅𝐸𝐷. ]

B) Dumping matrix:
𝑐0𝑖𝑅 + 𝑐1𝑖𝑅
0
−𝑐1𝑖𝑅
0
0
0
0
𝑐0𝑖𝐿 + 𝑐1𝑖𝐿
0
−𝑐1𝑖𝐿
0
0
−𝑐1𝑖𝑅
0
𝑐1𝑖𝑅 + 𝑐2𝑖𝑅 + 𝑐3𝑖𝑅
0
−𝑐2𝑖𝑅
0
0
−𝑐1𝑖𝐿
0
𝑐1𝑖𝐿 + 𝑐2𝑖𝐿 + 𝑐3𝑖𝐿
0
−𝑐2𝑖𝐿
[𝐶] =
0
0
−𝑐2𝑖𝑅
0
𝑐2𝑖𝑅 + 𝑐4𝑖𝑅
0
0
0
0
−𝑐2𝑖𝐿
0
𝑐2𝑖𝐿 + 𝑐4𝑖𝑅
0
0
−𝑐3𝑖𝑅
−𝑐3𝑖𝐿
−𝑐4𝑖𝑅
−𝑐4𝑖𝐿
0
0
0
0
0
0
[

0
0
−𝑐3𝑖𝑅
−𝑐3𝑖𝐿
−𝑐4𝑖𝑅
−𝑐4𝑖𝐿
𝐶𝑖 𝑍
0

0
0
0
0
0
0
0
𝐶𝑖 𝜑]

C) Stiffness matrix:
𝑘0𝑖𝑅 + 𝑘1𝑖𝑅
0
−𝑘1𝑖𝑅
0
0
0
0
𝑘0𝑖𝐿 + 𝑘1𝑖𝐿
0
−𝑘1𝑖𝐿
0
0
−𝑘1𝑖𝑅
0
𝑘1𝑖𝑅 + 𝑘2𝑖𝑅 + 𝑘3𝑖𝑅
0
−𝑘2𝑖𝑅
0
0
−𝑘1𝑖𝐿
0
𝑘1𝑖𝐿 + 𝑘2𝑖𝐿 + 𝑘3𝑖𝐿
0
−𝑘2𝑖𝐿
[𝐾] =
0
0
−𝑘2𝑖𝑅
0
𝑘2𝑖𝑅 + 𝑘4𝑖𝑅
0
0
0
0
−𝑘2𝑖𝐿
0
𝑘2𝑖𝐿 + 𝑘4𝑖𝑅
0
0
−𝑘3𝑖𝑅
−𝑘3𝑖𝐿
−𝑘4𝑖𝑅
−𝑘4𝑖𝐿
[
0
0
0
0
0
0

0
0
−𝑘3𝑖𝑅
−𝑘3𝑖𝐿
−𝑘4𝑖𝑅
−𝑘4𝑖𝐿
𝐾𝑖 𝑍
0

0
0
0
0
0
0
0
𝐾𝑖 𝜑]

where: i = X, Y, Z - direction of the coordinate system.
The displacement vector is the effect of double integration of the acceleration vector
of each of reference points. Currently, for this purpose, numerical integration procedures
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(ODE 113 and others) implemented in a digital simulation software are used, e.g. Matlab
SIMULINK.
In the above matrices in addition to the individual (or in the form of appropriate
algebraic expressions) mass, stiffness and damping parameters, whose values were
specified in ISO 10068, there are also generalized equivalent coefficients of mass, stiffness
and damping. In the case when the Z direction is considered, the generalized equivalent
parameters are:
A) Generalized equivalent mass coefficient
𝑀𝑍 = 𝑀𝐷 + 𝑚3𝑍𝑅 + 𝑚4𝑍𝑅 + 𝑚3𝑍𝐿 + 𝑚4𝑍𝐿

(9)

where: MD – the device’s mass
B) Generalized equivalent moment of inertia
𝐽𝑍 𝑅𝐸𝐷. = [

𝐽𝑍 𝐼𝑁𝑇.

𝑀𝐸𝐶𝐻.

+ (𝑚3𝑋𝑅 + 𝑚4𝑋𝑅 )𝑏 2 + (𝑚3𝑋𝐿 + 𝑚4𝑋𝐿 )𝑒 2
]
+(𝑚3𝑌𝑅 + 𝑚4𝑌𝑅 )𝑓 2 + (𝑚3𝑌𝐿 + 𝑚4𝑌𝐿 )𝑎2

(10)

where: IZINT.MECH. – moment of inertia of the drive mechanism generalized to the spindle
axis.
C) Generalized equivalent damping coefficient for translations
𝐶𝑍 𝑍 = 𝑐3𝑍𝑅 + 𝑐4𝑍𝑅 + 𝑐3𝑍𝐿 + 𝑐4𝑍𝐿

(11)

D) Generalized equivalent damping coefficient for rotations
𝐶𝑍 𝜑 = [(𝑐3𝑋𝑅 + 𝑐4𝑋𝑅 )𝑏 2 + (𝑐3𝑋𝐿 + 𝑐4𝑋𝐿 )𝑒 2 + (𝑐3𝑌𝑅 + 𝑐4𝑌𝑅 )𝑓 2
+ (𝑐3𝑌𝐿 + 𝑐4𝑌𝐿 )𝑎2 ]

(12)

E) Generalized equivalent stiffness coefficient for translations
𝐾𝑍 𝑍 = 𝑘3𝑍𝑅 + 𝑘4𝑍𝑅 + 𝑘3𝑍𝐿 + 𝑘4𝑍𝐿

(13)

F) Generalized equivalent stiffness coefficient for rotations
𝐾𝑍 𝜑 = [(𝑘3𝑋𝑅 + 𝑘4𝑋𝑅 )𝑏 2 + (𝑘3𝑋𝐿 + 𝑘4𝑋𝐿 )𝑒 2 + (𝑘3𝑌𝑅 + 𝑘4𝑌𝑅 )𝑓 2
+ (𝑘3𝑌𝐿 + 𝑘4𝑌𝐿 )𝑎2 ]

(14)

For the other two coordinate system axes, in equations describing the values of
equivalent dynamic parameters, in addition to the change of the index of a given axis (for
coefficients associated with translations), the dimensions are switched for the
corresponding to position related to the given axis - in the case of parameters related to
rotational motion.
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5. Preliminary simulation results
The results of a simplified simulation concerning only translation in the Z axis are
presented below. It was assumed that the motion is the result of the simultaneous operation
of a sinusoidal pressure force and the impulse force associated with the impact mechanism
Simulation parameters: mass, stiffness and dumping coefficients in the direction of the
spindle axis - Z axis were adopted in accordance with ISO 10068. The mass of the device
equals 2.1 kg, while the source of vibration was represented in the form of a sinusoidal
signal with an amplitude of 90 N and a frequency of 23.3 Hz. Then, the impact mechanism
was modelled as impulses with an amplitude of 270 μm, duration of 0.01 s and 1% signal
fill time. Zero initial conditions were also assumed. The system began its motion from
rest. Due to the symmetry of the system: both in terms of physical structure and parameter
values (coefficients), vibrations of individual reference points for both limbs are the same.
In addition, handle vibrations are equal to the vibrations of the device’s centre of the mass.
The RMS values of acceleration, velocity and displacement of the reference points are
presented in the table 1.
Table 1. RMS value of dynamic simulation parameter
Point of reduction
z(t) = zP(t) = zL(t)
zP2(t) = zL2(t)
zP1(t) = zL1(t)
zP0(t) = zL0(t)

Dynamic parameter
Acceleration Velocity Displacement
[m/s^2]
[m/s]
[m]
12.61
0.09426
0.004019
4.67
0.08931
0.003808
2.342
0.09609
0.004099
0.9721
0.04104
0.001747

The simulation results in the form of acceleration, velocity and displacement signals
of individual reference points are presented below. Firstly, the results related to reference
points associated with the handles of the device were presented, these are followed by the
results for points related to the masses m2, m1 and m0.
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Figure 12. Accelerations, velocity and displacement of the handle – mass m3 and m4
As shown in Figure 12, the peak values of vibration acceleration of both the reference
points fixed to the device’s handles exceed 120 m/s2. Accelerations are sinusoidal with
a few impulse events. Numerical integration, through which velocities and displacements
are calculated, decreases the impact character of the operation. The peak values of velocity
reach approx. 0.15 m/s, while peak values of displacement are approx. equal to 7 mm.
The transient state associated with the start-up phase lasts approx. 0.5 seconds.

Figure 13. Accelerations, velocity and displacement of the m2 mass point reduction
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Vibration accelerations of the reference point corresponding to the movement of mass
m2 reach a value of about 23 m/s2, the peak values of vibration velocity, likewise for the
handle of the device, are approx. equal to 0.15 m/s. Peak values of displacements are
slightly smaller than for the handle and are approx. equal to 6 mm. The nature of the time
course of dynamic parameters is similar to one for the before mentioned reference point.
For mass m2, the impulse character of the vibrations also disappears with each subsequent
signal integration.

Figure 14. Accelerations, velocity and displacement of the m1 mass point reduction
As it is shown in Figure 14 for the reference point associated with mass m1, the peak value
of vibration acceleration is about 4 m/s2. The peak value of vibration velocity, as
in previous cases, is approx. equal to 0.15 m/s. Furthermore, the amplitudes of vibration
displacements are about 6 mm. In the case of vibration accelerations for mass m1,
no phenomena related to the impact mechanism have been observed. The same it was for
previously considered reference points.
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Figure 15 Accelerations, velocity and displacement of the m0 mass point reduction
For the reference point representing mass movement m0, the peak values of vibration
acceleration shown in the figure do not exceed 1.2 m/s2. The peak value of vibration
velocity equals 0.06 m/s, while the peak vibration displacements are about 2.5 mm. The
visible start-up phase, as well as for the previously analysed reference points, lasts about
0.5 seconds.
6. Conclusions
Using the Lagrange's equations of the second kind, it is possible to build a mathematical
model describing the vibrations of any mechanical and/or bio-mechanical system.
The ISO 10068 standard provides 3 variants of the upper limb model. For the purposes
of the research, the five degrees of freedom (5 dof) equivalent model of upper limb was
used.
The development of the mathematical model requires determining the distance
between the device's centre of the mass and it’s handles as well as calculating moments of
inertia in relation to the coordinate system axes.
The structural analysis of the drive mechanism allows us to determine the values of forces
acting on individual bearing nodes. Using the theorem on the reduction of any spatial
system of forces, one can determine the values of the eigenvector and the eigenmoment of
the system in relation to the centre of the mass of the system.
The solution of the mathematical model requires the use of simulation software and
a numerical integration apparatus. It is necessary to know the nature and the actual value
of the stimulating forces acting on the system.
The determination of values of the mass moments of inertia of the device’s drive,
regardless from its type and size, requires running structural and kinematic analysis.
For this purpose, one can use tools commonly used in engineering practice, e.g. CAx

Vibrations in Physical Systems 2020, 31, 2020108

(17 of 20)

programs such as Matlab SIMULINK. In the case of the lack of digital documentation of
a device, it is necessary to disassemble the device and to map the geometry and kinematic
structures of the drive system elements.
The ISO 10068 standard allows an approximate determination of the dynamic
parameters of individual parts of the upper limbs when the nature of the source of vibration
is known. It is possible without interfering with the operator's body.
On the basis of the results of simulations, it was found that the vibrations emitted by the
device exceed both the threshold limit value for an 8-hour working day and for
short-term exposure, which has been confirmed in stand tests [45].
Following the path of reference points from the device - the consecutive reference
points, the vibration load of individual parts of the operator's upper limbs decreases.
At the same time, the phenomena related to the impulse nature of the device's operation
disappear.
The simulation model provides the opportunity to analyse transient states by setting
elective initial parameter values.
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