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Abstract Geometrical acoustics is the most commonly used method of room acoustics prediction. Its 
efficiency can be improved by explicit calculation of ray contribution to each receiver during reflection 
called algebraic reflection. The aim of this research is to analyse the applicability and impact of reflection 
model choice on algebraic reflection calculation using the ray tracing with next event estimation. The tested 
reflection models include the specular and Lambert reflection combination and the Phong reflection model. 
Classical ray tracing algorithm, without algebraic reflections, is used as a reference. Based on simulation 
results and statistical analysis we conclude that the change of the reflection model significantly affects the 
acoustics conditions within the simulation changing echograms in early reflections region and the 
reverberation times. Statistical analysis proved that echograms obtained with the combination of ray 
tracing with next event estimation and Phong reflection model have lowest simulation to simulation 
variability. 
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1. Introduction   

Geometrical acoustics is the most commonly used method of room acoustics prediction. The acoustic 
rendering equation formalized by Siltanen et al. [1] provides a mathematical framework for the description 
of a wide variety of geometrical acoustics methods [2,3]. The acoustics rendering equation introduces an 
acoustic bidirectional reflectance distribution function (BRDF) to describe the reflective properties of the 
surface. The most common reflection model combines ideally specular and perfectly diffuse reflection. The 
ratio between the two is defined by the scattering coefficient [4]. In our previous work we presented an 
alternative reflection model – a measurement-fitted Phong reflection model [5].  

Ray tracing efficiency, especially for early reflections, can be improved by explicit calculation of ray 
contribution to each receiver during each reflection. Such an approach is called algebraic reflection [6] and 
is used in several algorithms such as ray tracing with next event estimation [7, 8] or diffuse rain algorithm 
[9]. Unfortunately, the choice of reflection model can affect the ability to calculate reflection at the receiver. 
For the classical combination of ideally specular and Lambertian reflection only the diffuse part can be 
explicitly calculated. To overcome this limitation a reflection model with specular reflection described by 
the non-delta function must be used. Such an approach was presented by Molin et al. [6], where the specular 
part of the reflection was simulated as a cone with a constant apex angle; however, this is a significant 
simplification of the reflection as the size of the specular cone may vary [10]. 

The aim of this research is to analyse the applicability and impact of reflection model choice on algebraic 
reflection calculation using the ray tracing with next event estimation. The tested reflection models include 
the specular and Lambert reflection combination and the Phong reflection model. Classical ray tracing 
algorithm, without algebraic reflections, is used as a reference. 
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2. Sound reflection modelling 

The room acoustics rendering equation [1] introduced the concept of bidirectional reflectance distribution 
function (BRDF) to describe the reflective properties of a surface. In general, the BRDF is a function of 
incoming and outgoing directions  Θ𝑖 , Θ𝑜respectively describing the ratio of energy reflected in direction Θ𝑜  
for the incidence direction Θ𝑖 . 

2.1. Basic reflection model 

The classical reflection model combining ideally specular reflection with Lambert diffusion at point 𝑥’ can 
be defined in compliance with BRDF definition as: 

 

𝑓(𝑥′, Θ𝑖 , Θ𝑜, 𝛼, 𝑠) = (1 − 𝑠)(1 − 𝛼)
𝛿(Θ𝑠 − Θ𝑜)

|Θ𝑜 ⋅ 𝑁𝑥|
+ 𝑠(1 − 𝛼)

1

𝜋
 ,  (1) 

 

where Θ𝑠 is specular reflection direction, 𝛿 is the Dirac delta function and |Θ𝑜 ⋅ 𝑁𝑥| is the absolute value of 
the cosine between the outgoing direction and the surface normal. The classical model depends on material 
absorption coefficient 𝛼 and scattering coefficient 𝑠 which are typically provided by the user. Using the 
classical model for a given angle of incidence there is only one outgoing direction Θ𝑜 , where specularly 
reflected part is nonzero. As a result, the algebraic reflection can be effectively calculated only for the diffuse 
part of the reflection. 

2.2. Phong reflection model 

The Phong reflection model in acoustics can be defined as: 
 

𝑓(𝑥′, Θ𝑖 , Θ𝑜 , 𝛼, 𝑠) = (1 − 𝑠)(1 − 𝛼)
1

𝜌(𝑥, Θ𝑖 , 𝑛)
 |Θ𝑠 ⋅ Θ𝑜|𝑛 + 𝑠(1 − 𝛼)

1

𝜋
,   (2) 

 

where |Θ𝑠 ⋅ Θ𝑜|𝑛 is the absolute value of the cosine of the angle between specular reflection direction and 
the observation directions raised to the nth power and 𝜌(𝑥, Θ𝑖 , 𝑛) is a normalization factor. The 
normalization factor can be calculated according to the recursive formula provided by Arvo [11]. 

The Phong reflection model introduces a new parameter 𝑛 describing the width of the specular reflection 
cone (Fig. 1). As the 𝑛 factor increases, the specular reflection becomes narrower. In our previous works, 
we presented that the model can be fitted to measured reflection patterns [5] and that the 𝑛 exponent factor 
can be derived from scattering or diffusion coefficient [10]. 
 

 
 

Fig. 1. 3D visualization of normalized Phong reflection model with incidence direction marked (dashed 
line), radius from point [0,0] represents the energy reflected in given direction,  

scattering coefficient 0.8, 𝑛 exponent 20, incidence angle Θ𝑖  45°. 
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A significant advantage of the Phong reflection model for ray tracing is the ability to explicitly calculate 
the specular reflection contribution to each receiver as the specular part of the reflection is non-zero for 
most of the directions (in the worst case scenario, for 9 °  nc dence angle, the non-zero specular part is  
a quarter of a hemisphere). 

3. Ray tracing with next event estimation 

The next event estimation algorithm can be used with various geometrical simulation methods. It 
introduces an algebraic reflection [6] (also known as shadow ray) added to the receiver at each reflection 
point (Fig. 2). The algorithm was initially developed for computer graphics [7] and then adopted with 
modifications for acoustics [6, 8, 9]. The reflection contribution at a receiver is calculated explicitly without 
randomization. In actual implementation, the shadow ray energy can be directly added to the receiver 
without actual ray casting. The principal idea of the next event estimation is the same as in ray tracing with 
diffuse rain [9], however, its general implementation is not limited to diffuse reflections only.  

 

 

Fig. 2. Schematic representation of ray tracing with next event estimation. For each reflection  
an algebraic shadow ray contribution is added to the receiver.  

 

The shadow ray contribution from the reflection point 𝑥𝑟𝑒𝑓
′ , with face normal 𝑁𝑟𝑒𝑓  to a receiver 

subtending a solid angle Ω𝑟𝑒𝑐  can be calculated using the following formula (derived from [1, 7]): 
 

Φ𝑟𝑒𝑐 = 𝐿(𝑥𝑟𝑒𝑓
′ , Θ𝑖) ∫ 𝑓(𝑥𝑟𝑒𝑓

′ , Θ𝑖 , Θ𝑟𝑒𝑓→𝑟𝑒𝑐 , 𝛼, 𝑠)
Ω𝑟𝑒𝑐

|Θ𝑟𝑒𝑓→𝑟𝑒𝑐 ⋅ 𝑁𝑟𝑒𝑓|𝑉(𝑥𝑟𝑒𝑐
′ , 𝑥𝑟𝑒𝑓

′ )𝑑𝜔𝑟𝑒𝑐  ,  (3) 

 

where the 𝑉(𝑥𝑟𝑒𝑐
′ , 𝑥𝑟𝑒𝑓

′ ) is a visibility term which is 1 if the corresponding part of the receiver is visible and 0 

if there is an obstacle between the reflection point and the receiver. The |Θ𝑟𝑒𝑓→𝑟𝑒𝑐 ⋅ 𝑁𝑟𝑒𝑓| factor is the 

absolute value of the cosine between the observation angle and a face normal. Note that the integration in 
Eq. (3) is done over the solid angle subtended by the receiver, not the receiver surface itself. 

Exact analytical calculation of the integral from Eq. (3) for a surface or a volumetric receiver is usually 
impossible therefore some simplifications are made. We assume is that the cosine weighted BRDF is 
constant for all the solid angle Ω𝑟𝑒𝑐  and we do not consider partial visibility. Using the abovementioned 
simplifications, for a surface receiver with an area 𝐴𝑟 , facing the reflection point, located at a distance 

‖𝑥𝑟𝑒𝑐
′ − 𝑥𝑟𝑒𝑓

′ ‖ from the reflection point, the shadow ray contribution can be calculated using the following 

formula: 
 

Φ𝑟𝑒𝑐,𝑠𝑢𝑟𝑓 = 𝐿(𝑥𝑟𝑒𝑓
′ , Θ𝑖)𝑓(𝑥𝑟𝑒𝑓

′ , Θ𝑖 , Θ𝑟𝑒𝑓→𝑟𝑒𝑐 , 𝛼, 𝑠)|Θ𝑟𝑒𝑓→𝑟𝑒𝑐 ⋅ 𝑁𝑟𝑒𝑓|
𝐴𝑟

‖𝑥𝑟𝑒𝑐
′ − 𝑥𝑟𝑒𝑓

′ ‖
2 𝑉(𝑥𝑟𝑒𝑐

′ , 𝑥𝑟𝑒𝑓
′ ) (4) 
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where the 𝐴𝑟/‖𝑥𝑟𝑒𝑐
′ − 𝑥𝑟𝑒𝑓

′ ‖
2

  is the solid angle subtended by the receiver projection.  

For a volumetric receiver we must include the length of the ray-receiver intersection. The simplest 
solution is to calculate the cylindrical receiver with base radius 𝑟 and height 2𝑟 oriented along ray direction. 
This can be done by multiplication of the surface receiver result by 2𝑟. Then to convert the cylindrical 
receiver to a spherical receiver we have to compensate for additional volume, which can be done by 
multiplying the result by 2/3 (ratio of sphere volume to cylinder volume). Finally, the equation for spherical 
receiver contribution is: 

 

Φ𝑟𝑒𝑐,𝑠𝑝ℎ = 𝐿(𝑥𝑟𝑒𝑓
′ , Θ𝑖)𝑓(𝑥𝑟𝑒𝑓

′ , Θ𝑖 , Θ𝑟𝑒𝑓→𝑟𝑒𝑐 , 𝛼, 𝑠)|Θ𝑟𝑒𝑓→𝑟𝑒𝑐 ⋅ 𝑁𝑟𝑒𝑓|
0.667𝐴𝑟 𝑟

‖𝑥𝑟𝑒𝑐
′ − 𝑥𝑟𝑒𝑓

′ ‖
2 𝑉(𝑥𝑟𝑒𝑐

′ , 𝑥𝑟𝑒𝑓
′ ). (5) 

 

It is worth noting that explicit ray calculation is usually exact for punctual receivers and simplified for 
surface or volumetric receivers, which is opposite to typical ray tracing, where a volumetric receiver is 
required to gather a sufficient number of rays. 

To calculate the visibility term, we performed ray casting to find the nearest intersection of shadow ray 
with the model. If the distance from the reflection point to the next model intersection was larger than the 
distance to the receiver we assumed full visibility, otherwise we assumed no visibility. Although it is a 
significant simplification, due to large number of rays in simulation the actual error should be relatively 
small.  

4. Methodology 

To evaluate the proposed method we used a theatre model with a volume of 4000 m3 and a capacity of 540 
people. The average measured reverberation time inside the room is 1.28 s. Simulations were made for 2 
source positions and 20 point receivers (Fig. 3). Four receivers were placed on the stage and remaining 16 
were on the ground floor audience, receivers R17-20 were placed under the balcony. 

 
Fig. 3. View of the ground floor of the theatre model with sources (S1-2) and receivers (R1-20) positions 

marked, shadow shows the approximate contour of the balcony. 
 

Simulations were carried using a classical ray tracing algorithm (RT) and ray tracing with next event  
(RTNEE) estimation for both specular-Lambert (SL) reflection model and for Phong model. Each simulation 
was carried 50 times to evaluate the statistical properties of the obtained results. Simulations were made 
with 500 000 rays for classical RT algorithm and 50 000 rays for RT-NEE to obtain comparable simulation 
times for each scenario. 

To measure the variability of the simulations, for each source-receiver-frequency combination we 

calculated the average SPL (𝑆𝑃𝐿�̂� , calculated using energetic summation) of each echogram timestep 𝑡 within 
the 𝑁 = 50 simulation repetitions and a mean absolute error (MAE) between the average SPL and the value 
from each repetition (Eq. 6). 
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𝑀𝐴𝐸𝑡 = ∑
|𝑆𝑃𝐿𝑛,𝑡 −  𝑆𝑃𝐿�̂�|

𝑁

𝑁

𝑖=1

. (6) 

 

Higher MAE values indicate higher simulation to simulation variability of the echograms. As a single digit 
measure, we calculated the median of MAE for each scenario. To test if the change of MAE between different 
scenarios is statistically significant, we used Kruskal-Wallis test for distributions equality. The analysis of 
variance (ANOVA) could not be used as the MAE distributions failed the normality tests. To establish which 
of the results differ from each other,  e   ed C n  e ’  p  t-hoc test. 

Additionally, we compared the reverberation times T20 in the octave bands averaged for all source-
receiver combinations to test if the change of the reflection model or the ray tracing algorithm affects the 
simulated acoustical parameters of the room. To check the statistical significance of mean reverberation 
time change for each frequency band we used Kruskal-Wallis test performed on set of reverberation times 
obtained from 50 simulation repetitions followed by Conover post-hoc test.  

5. Simulation results 

Individual results are presented for source S1, receiver R10 and frequency 1000 Hz. The beforementioned 
combination was selected randomly, however it is representative for most of the source-receiver-frequency 
combinations as proved by statistical analysis. 

Visual inspection of calculated echograms proves that MAE for RT algorithm is comparable for SL 
reflection model and Phong reflection model (Fig. 4). However, a change of echogram curve shape can be 
observed for early reflections. Such behaviour can be expected as changing the reflection model effectively 
changes the acoustic properties of the model. For ray tracing with next event estimation and SL reflection 
the number of rays for RTNEE is smaller than for classical RT algorithm (to maintain comparable simulation 
times), therefore the number of specular reflections hitting the receiver decreases while increasing the 
energy carried by individual rays. This leads to the existence of significant peaks in the echograms. For SL 
reflection model this effect cannot be compensated by the algebraic reflection calculation, as it cannot be 
performed for ideally specular reflection. This problem is solved when using the RTNEE algorithm with 
Phong reflection model. The echograms have the lowest MAE equal to 0.91 dB as compared to 2.4 dB for 
RTNEE with SL reflection and slightly less than 6 dB for both classical RT simulations (Fig. 4). No additional 
peaks are observed, however similarly to the results from classical RT with Phong reflection the shape of 
the echogram curve differs from the results obtained using SL reflection, especially in the first reflections 
region. 

Tab. 1. Comparison of selected averaged simulation parameters for different  
simulation algorithms and reflection models. 

 

Simulation 
scenario 

MAE median 
(averaged for all source-

receiver-frequency) 
combinations 

T20, 125 Hz 
(averaged for all source-receiver 

combinations and simulation 
repetitions) 

T20, 1000 Hz 
(averaged for all source-receiver 

combinations and simulation 
repetitions) 

RT, SL 6.60 dB 1.35 s 1.25 s 
RT, Phong 6.47 dB 1.30 s 1.25 s 
RTNEE, SL 3.44 dB 1.34 s 1.26 s 
RTNEE, Phong 1.47 dB 1.29 s 1.25 s 
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Fig. 4. Comparison of echograms with MAE (marked as grey areas) and MAE median, source S1,  
receiver R10, frequency 1000 Hz, (a) results of ray tracing (RT) and SL reflection model,  

(b) results of ray tracing (RT) and Phong reflection model, 
 (c) results of ray tracing with next event estimation (RTNEE) and SL reflection model,  

(d) results of ray tracing with next event estimation (RTNEE) and Phong reflection model. 

Shapiro-Wilk test showed that the MAE distributions are not normal, therefore to test the statistical 
significance of MAE change, with the change of simulation parameters and reflection models, a Kruskal-
Wallis test was used. The Kruskal-Wallis test proved that the MAE distributions are significantly different 
between the four test cases for all 240 source-receiver-frequency combinations. Post-hoc analysis using 
Conover test showed that for all cases MAE distributions are equal for classical RT algorithm when 
comparing between both reflection models. It also proved MAE differences to be significant between the 
results obtained using the RT and RTNEE for Phong model in all cases and for SL model in 225 of 240 cases. 
The 15 outliners were the results from receivers R1-4, located on the stage and frequencies 125 Hz, 250 Hz, 
for which the diffusion coefficients in the model are the lowest. Results obtained with RTNEE and Phong or 
SL model were significantly different in all cases. MAE median, averaged for all source-receiver-frequency 
combinations (Tab. 1), equals: for RT with SL 6.60 dB, for RT with Phong 6.47, for RTNEE with SL 3.44 dB, 
for RTNEE with Phong 1.47 dB, meaning that combination of RTNEE with Phong reflection model has the 
lowest echogram variability. 
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Fig. 5. Comparison of reverberation times between different  
simulation algorithms and reflection models. 

The change of the reflection model significantly affects the average reverberation times changes  
for 125 Hz and 250 Hz bands (Fig. 5). The changes were proven to be statistically significant. Differences 
between SL and Phong models are expected as changing the reflection model changes the acoustic 
properties of the simulated interior. The disparities are caused by smaller diffusion coefficients in low 
frequency range compared to other frequency bands leading to higher differences between SL and Phong 
BRDFs. To obtain the same acoustics parameters the reflection model change should be followed by model 
tuning. The reverberation time changes also for RTNEE with SL reflection, as the peaks observed in the 
echograms can affect the reverberation time calculations. For higher frequencies although the differences 
between the reverberation times are statistically significant, they are equal or lower than 0.01 s (Tab. 1) 
what makes them neglectable in practical applications.  

6. Conclusions  

We presented the analysis of the impact of reflection model choice on ray tracing simulation results with 
and without algebraic reflections. The reflection models were compared in classical ray tracing and ray 
tracing with next event estimation. We described the basic mathematical equations for ray tracing with next 
event estimation as well as the analysed reflection models. 

Based on simulation results and statistical analysis we conclude that the change of the reflection model 
significantly affects the acoustics conditions within the simulation changing echograms in early reflections 
region and the reverberation times. To maintain the same acoustic parameters, change of the reflection 
model should be followed by model tuning. Statistical analysis proved that echograms obtained with the 
combination of ray tracing with next event estimation and Phong reflection model have lowest simulation 
to simulation variability. This proves the applicability of Phong model in algebraic reflection calculations. 
The combination of specular and Lambert reflection model should be used in algebraic reflections 
algorithms with caution as it may create additional peaks in the echograms, if we reduce the initial number 
of rays to maintain simulation time as for classical ray tracing. Therefore, its usefulness for algebraic 
reflection calculation is questionable. 
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